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Abstract. The “Stochastic Transition Matrix approach” is described, and its
implementation is demonstrated through an analytically solvable two-stream stochastic
transport model. It is shown that the STM approach is easier and computationally less
demanding to implement than solving the Modified-Levermore-Pomraning equations.

INTRODUCTION

The Stochastic Transition Matrix (STM) approach to stochastic transport
problems was introduced in an earlier paper [1], assuming tha the dendty of themedium
isspatially random and that the spatial randommessin thedendty is modded as abinay
(or dichotomic) Markov process. The averageof STM was calculated explicitly in the
case of thetwo-stream trangport (S,-description), and some exact results, such asthe
mean flux in a hdf infinite medium with a specified inaddent beam, and the mean exit
current, were presented. In arecent pgoe [2] onthederivation of the Modified
Levermore-Ponraning (MLP) equaion, we extended STM approach, primarily to
eluddae the naure of approximationinheent in the MLP formalism, to cases in which
theratio of thecross-section in the alternating material regionsis allowed to be different,
and thediscrete ordinate description is extended to any N. We also showed in [2] that the
STM formalism is equivalent to the MLP description.

The purpose of the present paper is first to elucidate of the foundations STM
formalism in more detail, and to present calculations of the averageof STM in general
using an Sy-description for any N. Secondly, to illustrate the implementation of the
method in the simple cases of a purely scattering, and purely abrbing slab with
external source and various boundary conditions, adopting a two-stream transport model.
And finally to demonstrate that the STM approach is easier to implement in calculating
the various averages such as the mean flux at the interior points and exit currents, than
solving the MLP equations which involve partial averages of the flux in the two material
regions. The paper may be regarded as an addendum to the references [1] and [2].

DESCRIPTION OF THE STM APPROACH
The steady state, one-dimensional, one-speed transport equation with isotropic
scattering, and a deterministic external source, can be written in matrix form using the
discrete ordinate representation as

d (x)

="A(X)! (X)+S(x), (1
dx



where ! i(x)= I (x,u i) with j=1...N, and the NxN square matrix A(x) denotes

A(X)= Ay +O(X)A,. )

The expressions of Ag and A, in terms of the cross-sections and the angle variables
M, - My, as well as that of S(x), are given in [I] (We use the same notations as in this
reference.) Their explicit forms are not needed in the subsequent derivations.

The function 0 (x) characterizes the spatial randomness of the material properties
of the medium, such that ! (x)=+1 when x is in the material region “1”, and 6(x)=—1 in
the material region “2”. Thus, the matrix A(X) is a stochastic matrix with values
A(x) =(A,+A,) in the material regions “1”, and A(x) =(A, - A ) in the material region
”27,

It is assumed, as a conventional model, that ! (x) is a particular realization of a
dichotomic (or binary) Markov processes {! (x)} with transition probability per unit
increment in the positive x-direction “A;” from ! =+1to 6 =—1, and “A,” from 6 = —1

to @ = +1. This processes is known as the Generalized Telegraph Signal [3]. The
distribution of the intervals, W between the successive switching points is exponential,

i.e., P(W)=! exp(-W! ), j=1,2. The process is asymptotically stationary in the positive
x-direction as x — oo . It becomes stationaty for all x>0 when the probability
P(6 ,x)=P(0(x)=0) satisfies, at x=0, the detailed balance relation P(1,0)A,= P(-1,0)A,.
Then, P(1,x)=p; and P(-1,x)=p for all x! 0 where p,=!,/(!,+!,) and
p, =1,/ +1)).

The solution of the transport equation (1) can be constructed in terms of the

transtion matrix U(x) as

' x)=Ux)! 0)+ ;’:'ﬁx"U(x,x'DS(x'? , 3)

where U(x)and U(x,x”) are the solutions of



d‘i(") = AU, @)
X

with the initial conditions U(0) =1 and U(X’,x") =1, respectively, where I is the identity
matrix. [The following properties of U(x,x") are useful: U(x,,x,) = U(x,,x JU(x,,X,),
U(x,,x,) = U'l(xo,xl) and U(x,x’) = U(X)U'l(x’) .] Equation (4) is an initial value
problem. Since A(x) is a stochastic matrix, its solution U(x) is also stochastic. Although
the input process { 0(x) } in A(X)=A,+06(X)A, is a binary Markov process, the solutions
{U(x) } with the deterministic initial value U(0) =I do not constitute a Markov process.
However, thejoint matrix process { 6(x),U(x) } is Markov [4], and hence their joint

probability distribution satisfies a composite master equation [5], which combines both the
continuous evolution processes characterized by the transport equation (1) and the jump

process {6(x)} . Following the derivation of the MLP equations presented in [2], we can
show that the average value <U(x) >=<U(x) >, +<U(x) >, is rigoroudy calculable for

x>0, in terms of <U(x)>;, j=1,2, which satisfy the MLP equations without an external

source, i.e.,
d n n
d—<U(x) > =l (A, +A)<U>!" <U> +",<U>,, (5a)
X
d
d_<U(x) > =—(A,-A)<U>, -\, <U >, +A,<U >, (5b)
X

with the initial conditions <U(X) >, =p,I and <U(x) >, =p,I. Introducing the auxiliary
variable <0U(X) > =<U(X) >, -<U(X) >, , we rewrite these equations in a more suggestive

form as

di<U(x) >=—A,<U>-A,<8U >, (6a)
X



di<! U(x)>="[A, +2#I]<! U >"[A, +2! #I]<U >, (6b)
X

where ! " (! ,+!1,)/2 and OA = (A, —A,)/2 . The initial conditions are <U(0) >=1 and
<0U(0) >= (p, - p,)I. Although they look complicated, these equations can be solved for
<U(X)> analytically with matrix algebra by eliminating the auxiliary variable <0U(X) >.
Comments: (1) <U(x)> is essentially the averaged of the stochastic Green’s function of
the transport operator. It depends only on the material properties of the medium and does
not involve bounday condiions (2) The eigen-values of the 2Nx2N coefficient matrix of
these homogeneous equations determine the relaxation lengths of the spatial modes of the
medium. (3) Since the matrices Ay and A; change sign when W — — (see [2])
equations (5) remain unchanged under the transformation x - —x, g — -l and

L™ #!, (See [2]). (4) When the density n(x) of the medium is random so that the ratio

of the cross-sections are uniform, eq. (4) simplifies to

dU(x)

= —n(x)A U(x), (7a)
where A depends only on the microscopic cross-sections [2]. Its solution reads
U(x)= g ZA , with z(x) = }dx'n(x’). (7b)
0

The calculation of < U(x) > is considerably simplified in this case by using the following

idem-potent expansion of the matrix:
N
A:E%ﬁ,
where v, are the eigen-values of A, which we assume to be all non-zero and distinct. and

E, are the idem-potent matrices that satisfy EE, =8, E,. They are constructed in terms

of the eigen-vectors of A . ( Indeed, let the matrix Z diagonalizes A under similarity

transformation. i.e., Z"'AZ = D[Yy,,--Yx 1, and hence A =ZD[Y,, -y ]Z"'. Then
man min #1 : : : :
E; ! ZD[0,0.""0,1,0."™0]]Z"" ). Using this expansion of A in eq. (7b), we express

<U(X) > as



N ()Y
<UX)>=3Y<e 003 >E,;. t))

j=1
Thus, the calculation of < U(X) > has been reduced to the calculating the mean of the
scalar u(x)= exp[-z(x)! ], generically. The latter satisfies the following simple stochastic

differential equation with u(0)=1

du(x) =" nx)ulx).
dx

Hence its mean follows from eqs. (5) by solving

%:_(’Yn1+7\«1)<u>1 +}\'2<u>2’ O

X

%:_(Yﬂﬁkz)ﬁl% +7\'1 <U>, (9b)
X

with <u(0) > =p, and <u(0) >,=p,. The solution is obtained in [1] as

Ay, + SA(3h +30)

<u(x) >= & M MX[codhx) + nhxv)], (10a)
where

=(,—-1,)/2  In=(n"n,)/2,

A= +A,) 12, A=(n+n,)/2,

v =[A2 +y8n(ydn +280)]"2 = [A,A, + (yon +81)* ]2 . (10b)

The expression <U(x)> in the case of two-stream transport in media with random density

was presented in an earlier paper [1] using the above generic form.

IMPLEMENTATION OF THE BOUNDARY CONDITIONS

We start with eq. (3), and average its both sides. The average of the product
Ux)! (0) on the right hand side is approximated by the product of the averages of the

factors, i.e., <U(X)! (0)>" <U(x)><! (0)>. This is the only approximation needed

in the STM approach. Hence we obtain the averaged flux as

<W(x) >=< U(x) >< ¥(0) > +] dx’< U(x,x") >S(X'), (11a)



where, as explained previously, < U(X) > is calculated without anyapproximation in
terms of the material properties of the stochastic medium. However, only half of the
components of ! (0) are specified at x=0, and half of ! (X) is specified at the second

boundary at x=X. Hence we use
X
<W¥(X)>=<U(X)><¥(0) > +[ dx’< U(X,x") >S(x’) (11b)
0

to determine the unknown components <¥(0) > and <! (X)>. Thus, the unknown
components of < ¥(0) > in eq. (11a) are now calculated as a function of < U(X) > in
terms of theinddent currents on both boundares andthe external source.

In conclusion, equations (11) to are the basic equations of the stochadic trangtion
matrix (STM) approach to stochastic transport: The mean of the transition matrix, <U(x)>,
is calculated using equations (5) for a specified material medium, regardless of its
geometry. The subsidiary equation (11b) is used to incorporate the boundary conditions at
x=X into the initial flux at x=0, and equation (11a) are used to calculate the average flux

<! (x) > at the interior points of the slab. The attractive agpect of STM formalismisthat
the calculation of the partial averages <'¥(x) > and <¥(x) >, introduced in the MLP
equatonsare not needed to obtain theaverageflux <¥(x) >. The partial averages enter
only in the calculation of <U(x)>as <U(x)>= <U(x)>1+ <U(x)>>.

Various aspects of the STM formalism will be illustrated below using analytically

tractable applications.
APPLICATIOSNS

In the following applications, we adopt the two-steam transport model

characterized by the angular fluxes ! (x) and !  (X).
Purely scattering slab

In terms of the scalar flux ®(x) =¥, (x)+ ¥, (x) and the current
Jx)=! ,(x)" ' | (x), the two-stream transport equations read

dd(x) _ dJ(x)
=

I =-2 (x)J(x) and

S, . (12a)



Introducing ¥(x) = [®(x),J(X)]" and S=[0,1]"S, we write this as

%:—zs(x)ﬂ!(st, where A:[g (ﬂ (12b)

When compared with eq. (1), we see that this corresponds to A(x)=! (x)A in the general

treatment (see eq. (7)). Hence, the statistical transition matrix U(x) in this example follows

from eq. (7b) as

U =e 208 | with z(x) = #x1" (x1). (13a)

Using the property A*> = 0, we find the delightfully simple result

Ux)=1-z(x)A. (13b)
The average < U(X) > immediately follows from this as U(x)=1-<z(x)>A.
Introducing the average scattering cross-section X, =< X (x) >=p, X +p,Z,, We obtain

<U(x)>= I—XESA. (14)
(Although this result is sufficient to proceed further to implement the SDTM approach, the
reader may wonder why we did not have to use < U(x) >=< U(x) >, + < U(x) >, and the
associated eqgs. (5) to calculate < U(x) >. For the sake of clarification of the theory, we
point out that egs. (5), in this case with A, + A, =! A and A, -A, =X ,A, are satisfied
with

<U(X) >=p,(I-xZ4A) + Y(X)A,

<Ux)>,=p,(I-xZ,A) - Y(x)A,
where Y(X) is to be obtained from

T oA 0= Ap, (5, ~Z,)x, with Y(0)-0,

In obtaining these results one uses A,p, = A,p,, and initial conditions <U(0) >=p|I,
j=L1,2. Finally we observe that <U(x) >, + <U(x) >, is indeed equal to
<U(X)>=I-xZA.)

Now that we obtained the averaged STM, we write equation (11a) as

<1 (X)>" [1#x8.A1<! (0) > +&ixYd# (x # xUB.AJS,



or in component form as

2
<!l (X)>" <! (0)>#x$SJ(0)#SO$SX? (15a)
< J(x >=<J(0 > +xS,. (15b)
Finally, we implement the boundary condition at x=X using eq. (11b):
_ _ X?
<P(X)>=<P(0) >—XZSJ(0)—SOZST, (16a)
<J(X>=<J(0>+XS,. (16b)

We recall that < ®(0) >= ¥, (0)+ <¥, (0)> and < J(0) >=¥;(0)-<¥ (0)>. We
consider 2 cases separately.
a) External source, noinddent particles: ¥,(0)=0, ¥ (X)=0

In this case < P(0) >=<"¥, (0)> and < J(0)>=—-<¥, (0) > so that egs. (15)

become
2
<L(>" <#, (0)> 1438, %58, >

<J(x>=-<Y, (0)>+xS,.
To determine <! | (0)>, we use < P(X)>=< ¥ (X)> and <J(X)>=<¥Y_(X)> in
these equations. As expected, one finds <¥, (0) >= XS, /2, and also

<W,(X)>= XS, /2. Then the mean flux at the interior points is thus obtained as
X _
< d(X) >zTS°[1+ T x(1- §)]' (17)

This result corresponds to the deterministic flux with a deterministic scattering cross-
section X, =p .z, +p,Z,, .
b) No source, inadent fluxes W, (0) and ¥, (X) are given.

In this case, <! (0)>=" (0)+<" [ (0)> and <J0)>=! ;(0)" <! (0)>, and
egs. (15) reduce to < D(x) >=< O(0) > —xisJ (0) and < J(x >=< J(0) >. To determine
<%, (0)> and <! ;(X)> we again evaluate these equations at x=X and obtain after
some algebra

¥, (0> (/DX (0)+'¥, (X) |
1+(1/2)XZ,




<W_(X)>= W, (0)+1/2)XZ¥, (X)
R 1+ (11 2)XZ, ’

and
<Ox)>=¥, (0)[1-xZH+< ¥, (0)>[1+xZ ].

_¥r(O0) -, (X)

<J(x)> =
1+ (1/ 2)XZ,

It is worth noting that, when ¥ (0)=! | (X), the exit currents <! | (0) > and
<W,(X) > are also equal (this is not the case in a purely absorbing slab discussed below).

Also, when ¥, (X)=0, we obtain the albedo and the attenuation of the incident beam

<T(X)> as
<F.O>_ Xis_ (Albedo)
Y. (0) 2+XZ’
<! (X)>, 1

<T(X)>=

__ (18)
| .(0)  1+(1/2)X%,

c) Exad calculation of theattenuaion <T(X)>

The exit current ! (X) can be calculated for each realization of X (x) using the
U(X)=1! z(x)A given in eq. (13b) instead of its average, and following the above steps
leading to eq. (18). This procedure is of course equivalent to solving the diffusion
equation in a purely scattering medium with non-uniform scattering cross-section for
' f(X).One finds ! (X)=! (0)/[1+(1/2)z(X)], where z(x) is defined in eq. (13a).
Then, the average <T(X)> is expressed [1] as

1 L ls 1 =(X)/2
<T(L)>=<——— >=HHse °<e >. 19
L)>=< 220 fﬂ (19a)

We observe that the STM result in eq. (18) involves the approximation of replacing the

2(X)/2

average of the inverse by the inverse of the average. The average <e~ > in the

integrand is calculated exactly using the generic form given in eqgs. (10) with y=s/2:



Aok, + SAEA+ 85,
v(S)A

S
~(3%

<T()>= [dser*| & oosxvie)+

snh[Xv(9)] |,(19b)

where

v(s):[klkz+(§625+6k)2]1’2, T o=( 41 ,)/2, 1" =( #" )2,

S

It is interesting to observe that <T(X)> vanishes as 2 /X ES when the thickness of the

slab tends to infinity, as can be shown by changing the variable s to sX in the s-
integration in eq. (19a). We see that this exact asymptotic behavior is reproduced by the
STM result in eq. (18).
Purely absorbing slab

In this case the right and left fluxes satisfy

ey o0we00 and TLE o1 (9,

which can be written in matrix form, by introducing ! (x)=[! ;(x),! L(x)]T , as

d!d)((") ="#.(x)A!l (x), where A = [(1) _OJ . (20)
The eigen-values of A are ! ,=1and !,=!1. Hence A can be expanded as

A=1E +!,E,, where E = ;#1 0; and E, = [O O] 21

0 Oy 0 1

Clearly, the matrices E, and E, satisfy E; E, =!, E, . Hence the stochastic transition
matrix U(X) = exp[-z(X)A] can also expanded as

Ux) =exp[-z(x)A]=u,(x)E, +u,(x)E,, (22a)
where

u,(x)=e 2™ u,(x) =™, z(x)! :J:ﬁx"$a(x") . (22b)

0

Thus, the calculation < U(x) > has been reduced to calculating < u,(X) > and <u,(X)> (

See eq. (8)).

10



We consider only the case in which particles impinge on both sides of the slab,

i.e., ¥;(0) and ¥, (X) are specified. (The case of a purely absorbing slab with a uniform
external source can be implemented similarly, and will not be included here.) Then the
average flux at the interior points is approximated in STM as

<! x)>"<Ux)><! 0)>=[<uy,(x)>E+<u,(x)>E,]<! (0)>,
which yields the components as

<Wi(X)>=<u,(X)>¥;(0) and <!  (x)>=<u,(x)><! (0)>.

The exit current at the origin, < ¥, (0) >, is obtained in terms of ¥, (X) by evaluating
<Y, (x)>atx=X, as <! [(0)>=! [ (X)/ <u,(X)>. Itis observed that the exit current
<! ¢ (X)>=<u,(X)>! ,(0) at the right boundary is not equal to the exit current
<Y _(0)> at the origin even in the symmetric case of ¥ (0)="F, (X). Indeed, when
normalized, <V (X)>=<u,(X)> and <¥, (0) >=1/ <u,(X) >. The origin of this non-
symmetry is that, although u,(x) =1/u,(x) (See eq. (22b)),

< U (X) >=<1/u,(X)>2 U <u,(X)>.

The symmetry is not lost when the above derivation is carried out using U(x) directly,
rather than <U(x) >. Then, we obtain W (x)=u,(x)¥(0) and ! | (x)=u,(x)! ;(0) in
each realization. Evaluating the latter at x=X, ¥, (0) follows as ¥, (0)=Y¥ (X)/u,(X)
=u,(X)!' [ (X)), thus satisfying the boundary condition in each realization. Then ¥, (x)
becomes ¥, (x) = u,(X)u,(x)¥, (X), and the symmetry condition ¥ (X)="¥, (0) is
satisfied in each realization, as well as with the average fluxes

<YW, (X)>=<u,(x) >¥x(0) and <Y, (x) >=<u,(X)u,(x)>Y¥Y, (X) without any
particular model for the spatial randomness of for each realization X, (x) . Although it

seems that the implementation of the boundary condition at x=X before averaging restores
symmetry in the simple case of pure absorber, it does not work in the general case of when

both scattering and absorption are present, as pointed out in [2].

11



CONCLUSIONS

1. The stochastic transition matrix approach to stochastic transport problems, at
least in the Sy-description of the one-speed, one-dimensional transport equation, proves to
be more straightforward to implement than the MLP equations. The main reason is that it

does not involve the partial averages < ¥(x) >, and <W¥(x) >,, and hence the difficulty

associated with the implementation of their boundary conditions, as encountered when
working with the MLP equations, is avoided.

2. When the density of the medium is spatially random, the calculation of the
average of stochastic transition matrix is reduced to the calculation of the a scalar
<u(x)>=<exp|[ ! z(x)]>, which involves solving two MLP equations for <u(x)>; and
<u(x)>; with well-defined initial conditions. This aspect of STM reduces the

computational burden considerably.
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